Abstract-Signal to Noise Ratio (SNR) is an important index for wireless communications. In CDMA systems, spreading sequences are utilized. This series of papers show the method to derive spreading sequences as the solutions of the non-linear programming: maximize SNR. In this paper, we consider a frequency-selective wide-sense-stationary uncorrelated-scattering (WSSUS) channel and evaluate the worst case of SNR. Then, we derive the new expression of SNR whose main term consists of the periodic correlation terms and the aperiodic correlation terms. In general, there is a relation between SNR and mean-square correlations, which are indices for performance of spreading sequences. Then, we show the relation between our expression and them. With this expression, we can maximize SNR with the Lagrange multiplier method. In Part II, with this expression, we construct two types optimization problems and evaluate them.
I. Introduction
S PREADING SEQUENCES are utilized in code division multiple access (CDMA) systems, which is one of the Multiple access systems [1] . The one of CDMA systems, Direct Sequence CDMA (DS-CDMA) [2] is used for the 3G mobile communication system. In CDMA systems, we use spreading sequences to modulate and demodulate signals. Therefore, spreading sequences are necessary to communicate in CDMA systems.
To improve CDMA systems, there are many works of designing spreading sequences. The aim of designing spreading sequences is to make Signal to Noise Ratio (SNR) high. It is necessary and sufficient for achieving the spectral efficiency to increase the Signal to Noise Ratio (SNR) [3] . The current spreading sequences are the Gold codes [4] . These sequences are obtained from M-sequences. Therefore, the Gold codes are obtained from shift registers. In [5] - [10] , it is proposed to use chaotic dynamical systems to design spreading sequences. For these chaos-based DS-CDMA systems, the performance in fading channels is investigated in [11] - [13] . Their approaches to obtain spreading sequences are to design the system which generates sequences.
Other approaches are to derive sequences which satisfy the equality of the limitation. In CDMA systems, crosscorrelation is treated as a basic component of interference noise and autocorrelation is related to synchronization at the receiver H. Tsuda and K. Umeno are with the Department of Applied Mathematics and Physics, Graduate School of Informatics, Kyoto University, Kyoto, 606-8561 Japan (email: tsuda.hirofumi.38u@st.kyoto-u.ac.jp, umeno.ken.8z@kyoto-u.ac.jp).
side and the fading noise, thus, it is desirable that the first peak of crosscorrelation and the second peak in autocorrelation should be kept low. Sarwate [14] has shown that there is an avoidable limitation trade-off as a relation between lowering crosscorrelation peak and autocorrelation's second peak. The FZC sequences [15] [16] satisfy the equality of the limitation. Welch [17] shows that the maximum value of crosscorrelation is bounded below. This limitation is called the Welch bound and the sequences which satisfy the equality of the Welch bound are called as the Welch Bound Equality (WBE) sequences. The WBE sequences have been investigated in [18] [19] .
In contrast, our approach is to derive directly sequences whose SNR is high. We consider a Rician fading channel, and evaluate the worst case of SNR and derive spreading sequences as solutions of the optimization problem: maximize SNR. Therefore, our spreading sequences are guaranteed to have high SNR. The expression of SNR has been obtained in [10] and [20] . However, their expressions are not differentiable since they have the real part operator. Therefore, it is not straightforward to solve the optimal problem with their expressions, and then a differentiable expression of SNR has been demanded. In this paper, we derive the differentiable expression of SNR, which does not have the real part operator. Moreover, the main term of our expression consists of the periodic correlation terms and the aperiodic correlation terms. This result shows that there is the clear relation among SNR, the periodic and aperiodic correlation. In Part II, to have a such a expression, we consider two types of problems: maximize the average of SNR and maximize the minimum SNR. With our expression, we can numerically solve the problems and obtain the solutions. This paper is organized as follows. In Section II, we show an asynchronous CDMA system model. In this model, we assume a Rician fading channel. This model is general and has been studied in [20] [21] and [10] . Then, in Section III, we make some assumptions and evaluate SNR which is worst case. This situation is equivalent to that the effect of multipath fading is the largest. In Section VI, we derive the new expression of SNR. To derive it, we use the two types of orthogonal basis vectors in correlation. In section V, we evaluate our expression of SNR. In general, it is necessary to reduce mean-square correlations for high SNR [22] [23] . This section shows the relation between our expression and mean-square correlations. Finally, some conclusions are drawn and directions of further investigations are discussed. In this section, we fix our model used thorough this paper and mathematical symbols that will be used in the following sections. We consider the following asynchronous binary phase shift keying (BPSK) CDMA model [20] [21] . Let N be the length of spreading sequences. The user k's data signal b k (t) is expressed as
where b k,n ∈ {−1, 1} is the n-th component of bits which the user k send, T is the duration of one symbol and p T (t) is a rectangular pulse written as
The user k's code waveform s k (t) is expressed as
where s k,n is the n-th component of the user k's spreading sequence and T c is the width of the each chip such that NT c = T . We assume that the sequence (s k,n ) has the period N, that is, s k,n = s k,n+N . Moreover, we assume the condition that
This is proven in the appendix A. This condition is often used [14] [17]. The user k's transmitted signal ζ k (t) is
where P is the common signal power, ω c is the common carrier frequency and θ k is the phase of the user k. We consider a Rician fading channel. The received signal r(t) is
where
is the additive white Gaussian noise (AWGN) and u k is
The first term of Eq. (6) 
is the Doppler frequency and f n is the delay time of the n-th delayed signal and δ(x) is the delta function.
If the received signal r(t) is the input to a correlation receiver matched to ζ i (t), then the corresponding output Z i is
Without loss of generality, we assume τ i = 0 and θ i = 0 and hence ψ i = 0. With a low-pass filter, we can ignore double frequency terms, and rewrite Eq. (9) as
where z is complex conjugate of z and
In obtaining Eq. (10), we have used the identity
where z 1 , z 2 ∈ C.
Similar to [20] , we assume that the phase ψ k , time delays τ k and symbols b k,n are independent random variables and they are uniformly distributed on [0, 2π), [0, T ) and {−1, 1}. Without loss of generality, we assume that b i,0 = +1.
To evaluate SNR, we define
and
For notational convenience, we write µ i,i as µ i , and ξ i,i,i as ξ i . We divide Z i into the four signals, the user i's desired signal D i , the user i's faded signal F i , the interference signal I i and the AWGN signal N i . They are expressed as
From these expressions, Z i is expressed as
III. Evaluation of SNR Since E{F i } = E{I i } = E{N i } = 0 and E{D i } = T P/2, we have E{Z i } = T P/2, where E{X} is the average of X. We assume that the each Gaussian process h k (τ, t) is independent and h k (τ, t), ψ k , τ k and b k,n are independent. Then, SNR of the user i is defined as
In this section, we focus on the estimation of the lower bound of Eq. (17) under some assumptions. It is known from [20] and [21] that the variance of N i is
if n(t) has a two-sided spectral density denoted as 1 2 N 0 . We make assumptions about the channel, the variables and the Gaussian process h k (τ, t) that 1) the Fourier transform of h k (τ, t) and its inverse Fourier transform exist. 2) the channel is a wide-sense-stationary uncorrelatedscattering (WSSUS) channel [27] . 3) the channel is a frequency selective fading channel.
4) the Gaussian process
where n and l are the integers which satisfy 0 ≤ n and 0 ≤ l < N. 7) the phase ψ k , time delays τ k and symbols b k,n are independent random variables and they are uniformly distributed on [0, 2π), [0, T ) and {−1, 1}, respectively. The first assumption is required to define a WSSUS channel. The second and third assumptions are often used in the analysis of wireless communications. The fourth assumption is equivalent to that the channel is causal. The fifth assumption is equivalent to the one that the delayed signal becomes to zero in finite-time. From Eq. (8), the faded signal is composed of the sum of the delayed signal which is affected by the Doppler shift and the delayed signals. They are attenuated as time passes. The models that the probability of time delay τ obeys an exponential distribution are often used [25] . The sixth assumption is often used [20] [21] . The last assumption is written in Section II.
In WSSUS channels, the covariance function of h k (τ, t) is expressed as [21] 
( 19) Adding to this condition, in a selective fading channel, covari-
In the above equation, we have defined g k (τ 1 ) = ρ k (τ 1 , 0). From Eq. (20), the covariance function Σ k is independent of t 1 and t 2 . First, we calculate the variance of F i . With Eq. (12), Var{F i } is
Here, E{Re[
and E b i {X} is the average over all the bits of the user i. We write the variable over which we take the average at the right bottom of E. In [21] and [24] , it is shown that we can use
This result is obtained from the demodulation of RF signals. From Eqs. (20)- (23), we have
The double integral term is written as
where Γ i (τ) has been defined. Note that Γ i (τ) is the squared absolute value of the correlation in an asynchronous CDMA system. From the assumptions 4 and 5, we obtain
It is clear that g i (τ) is non negative since
Further, we can assume that g i (τ) has the upper bound
. This is proven in the appendix B. We have no knowledge about the form of g i (τ). For this reason, we evaluate the upper bound of Var{F i } with the product of two terms, one is related to g i (τ) and the other is related to the spreading sequences. From Hölder's inequality, we evaluate Eq. (24) as
The equality is attained if g i (τ) is the rectangular function. This is the worst case where Var{F i } is maximized. From the assumption 6, the time delay τ satisfies n i T + l i T c ≤ τ < n i T + (l i + 1)T c , where n i and l i are the integers which satisfy 0 ≤ n i < M i and 0
Since the correlation in an asynchronous CDMA system is the superposition of the correlations in a chip-synchronous CDMA system, the function Γ i (τ) can be written as
Note that R i (τ, n, l) andR i (τ, n, l) are expressed as the autocorrelation function in the chip-synchronous CDMA systems. From Eq. (29), it is sufficient to consider only two adjacent bits, b i,−n i −1 and b i,−n i . From the independence of each bit b i,−n i , Eq. (27) can be written as
Since Pγ Similar to the fading term, we evaluate the interference noise term I i . The variance of I i is
In the above equation, we have used Eq. (12) and Eq. (23). It is clear that
In Eq. (31),Ĩ i,k is the fading interference noise term andĨ i,k is the term of a direct wave. With Eq. (20) , the variances of them are expressed as
From the assumption 6 and 7, τ k satisfies that
is an integer. The double integral term is written as
Note that R i,k (τ, n, l) andR i,k (τ, n, l) are crosscorrelation functions in a chip-synchronous CDMA model. We define
so that Var{|Ĩ i,k |} is concisely written as
We consider the variance of |Ĩ i,k |. Similar to the faded signal term, from the assumption 6, τ satisfies that n k T + l k T c ≤ τ < n k T + (l k + 1)T c , where l k and n k are the integers which satisfy 0 ≤ l k < N and n k ≥ 0. When we take the average over τ k , the double integral term in Var{|Ĩ i,k |} is
where τ = τ − n k T . From Eq. (38), since each bit b k,−n is independent, it is sufficient to consider only the two adjacent bits in each term of Eq. (38). In other words, it is sufficient to consider only the bits b k,−n k and b k,−n k −1 . Thus, we obtain
In the above equations, we have set n k = 0 to obtain the last equality. Then, we can express Var{|Ĩ i,k |} as the product of Var{|Ĩ i,k |} and the integral covariance term. With the above results, we have
In the worst case for Var{F i }, where
From these calculations, the variance of I i is
To increase the lower bound of SNR, it is necessary to reduce the sum and integral term since
IV. New Expression of SNR
In this section, our goal is to calculate Eq. (30) and Eq. (43) and to derive the new expression of the upper bound of SNR. In [28] , it has been shown that the correlation of a chip-synchronous CDMA system can be written in a quadratic form. With this expression, Eq. (29) is rewritten as
where z * is a complex conjugate transpose of z,
In the above equations, s T is the transpose of s and E l is the identity matrix of size l. Similar to Eq. (44), Eq. (35) is rewritten as
Thus, we can rewrite Γ i,k (τ k , 0, l k ) in Eq. (43) as
Replacing k with i, we obtain the expression of Γ i (τ, 0, l i ) in Eq. (30). It can be shown that s k is expressed as [28] 
where w m (η) is the basis vector whose n-th component is expressed as 
where,
. . .
Φ andΦ are the unitary matrices whose (m, n)-th components are 
In the above equations, diag(z) is a diagonal matrix with the elements of vector z on the main diagonal and the eigenvalues λ 
Thus, the four types of the correlation 
Therefore, the vectors of the coefficients, α (k) and β (k) locate on the hyperspheres. Figure 1 shows the relation between the vectors of the coefficients, α (k) and β (k) . The Euclidian norm is preserved through the transformation since the matrices Φ andΦ. Therefore, the vector α (k) on a hypersphere is moved to β (k) on another hypersphere byΦ. Similarly, the vector β
on a hypersphere is moved to α (k) on another hypersphere by Φ. 
When we take the average of Eq. (58) over the bits b k,−1 and b k,0 , the resultant averaged quantity is
It is straightforward to show that
From Eq. (61), we can calculate the sum and integral term of Eq. (43). Then, we rewrite Eq. (43) as
Replacing k with i, we obtain the expression of Γ i (τ, 0, l i ), which is defined in Eq. (30). Then, Eq. (30) is rewritten as
From the above expressions, we arrive at the formula for the lower bound of SNR of the user i
When Z i,k = 1 (i k) and Z i,i = 0, Eq. (65) is equivalent to the expression in [10] and [20] . Equation (63) shows that there is the relation among SNR and periodic and aperiodic correlation. The first term of Eq. (63) is related to the periodic correlation since the coefficients α m are divided into the real parts and imaginary parts. We define 
Note that Eq. (67) is differentiable with the parameters of the spreading sequence, α
1,m and β 2,m , it is not convex in all the parameters. In Part II, we discuss how we to the optimization problem.
V. Relation between SNR and Mean-Square Correlation
We show the relation between the expression of SNR and the mean-square correlations. The mean-square correlations are proposed as indices for performance of spreading sequences. In particular, the mean-square crosscorrelation is used for advantage of spreading sequences [23] . The meansquare crosscorrelation function R CC and the mean-square autocorrelation function R AC are defined as [22] 
and C i (l) is denoted by C i,i (l). From [23] , Eqs. (70) and (71) is rewritten as
where θ i,k (l) andθ i,k (l) are periodic and aperiodic correlation functions which are defined as
With these expressions, Eqs. (73) and (74) are rewritten as
In obtaining the above equations, we have used the relation that
Thus, we derive the bounds of Eq. (65) as
In the above inequality, we have used −1 ≤ cos(x) ≤ 1. Note that the term of R VI. Conclusion We have shown the new expression of SNR whose terms are explicitly related to periodic and aperiodic correlation. This expression has been obtained from the quadratic forms of the correlation. With this expression, we have evaluated the lower bound of SNR. In Section V, we have shown the relation between SNR and mean-square correlations. This result shows that SNR will become higher when we resuce mean-square auto correlation and crosscorrelation low.
In Part II, we construct the optimization problem: minimize the lower bound of SNR. Then, we derive the necessary conditions for the global solution and evaluate .
A remaining issue is to obtain the better expression of SNR. We have used the relation that g i (τ) has the upper bound. From this reason, our upper bound is rough. Our expression will get better if we have knowledge of the form of g i (τ). Then, our lower bound of SNR will approach to equality.
Appendix A In this appendix, we show how to obtain the condition that N n=1 s k,n 2 = N.
We assume that the power of the transmitted signal is finite, and denote it by P. Thus, we obtain the follow equation 
In the above equation, we have used Eq. (12) and the relation that b 2 k,n = 1. With a low pass filter, we can ignore the double frequency term [20] , that is, 
This is equivalent to
where · is the Euclidian norm.
Appendix B
In this appendix, we prove that the covariance function g k (τ) has an upper bound. We define the inverse Fourier transformation of h k (τ, t) as
From the assumption 1, the function h k (τ, t) is transformed to H k ( f, t) by the Fourier transformation and H k ( f, t) is transformed to h k (τ, t) by the inverse Fourier transformation, that is,
for all t. Then, the absolute value of the function h k (τ, t) has a upper bound
for all τ and t. Thus, the covariance function g k (t) is evaluated as
In the above equations, we have used the assumption that g k (τ) is independent of the variable t, that is, the channel is a selective fading channel. We thus proved that g k (τ) has an upper bound.
